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GENERALIZED CONJUGATE FUNCTION
THEOREMS FOR SOLUTIONS OF FIRST ORDER
ELLIPTIC SYSTEMS ON THE PLANE

BY
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ABSTRACT. Our essential aim is to generalize Privoloff’s theorem, Schwarz
reflection principle, Kolmogorov’s theorem and the theorem of M. Riesz for
conjugate functions to the solutions of differential equations in the z
= x + iy plane of the following elliptic type:

du v du v
M) 5—5}—,=au+bv+f, 5;+ﬁ-=cu+du+g.

THEOREM 1. Let the coefficients of (M) be Holder continuous on |z| < 1. Let
(u, v) be a solution of (M) in |z| < 1. If u is continuous on |z| < 1 and Holder
continuous with index a on |z| = 1, then (v, v) is Holder continuous with index
aon|z| < 1.

THEOREM 2. Let the coefficients of (M) be continuous on |z| < 1 and satisfy
the condition

(N) foy b(x, 1) dt +fox d(t,y)dt = foy (0, 1) dt +fox d(1,0) dt

Jor |2| < 1. And let || f]|, = supoc,<1{(1/27) f ™| f(re®)|P dB}'/?. Then to
each p, 0 < p < o, there correspond two constants A, and B, such that

lol, < A lull, + B,y 1<p< oo,
"U"p < Ap"u"l + Bpr 0 <P < l:

hold for every solution (u, v) of (M) in |z| < 1 with v(0) =0. If f=g=0,
the theorem holds for B, = 0. Furthermore, if b and d do not satisfy the
condition (N) in |z| < 1, then we can relax the condition v(0) = 0, and still
have the above inequalities.

THEOREM 3. Let the coefficients of (M) be analytic for x, y in |z] < 1. Let
(u, v) be a solution of M) in {|z| < 1} N {y > 0}. If u is continuous in
{lz| < 1} n {¥ > 0} and analytic on {—1 < x < 1}, then (u,v) can be
continued analytically across the boundary {—1 < x < 1}. Furthermore, if the
coefficients and u satisfy some further boundary conditions, then (u, v) can be
continued analytically into the whole of {|z] < 1}.
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1. Introduction. The intimate relation between the real part and the
imaginary part of a holomorphic function has been widely investigated, both
for its own interest and for its importance in applications. Generally speaking,
the real part and the imaginary part of a holomorphic function behave alike,
although there are some rather surprising exceptions. Attempts to demonstrate
similarities between the two led to many important results such as Privoloff’s
theorem, Schwarz reflection principle, the theorem by M. Riesz for conjugate
functions, and Kolmogorov’s theorem for conjugate functions.

The main purpose of this paper is to extend the above-mentioned theorems
to the solutions of the elliptic equations in the z = x + iy plane of the
following type:

du v

5—;-—$=au+bv+f,
(L1) o

u v

§;+a=cu+dv+g.

The above problems are interesting since solutions of equation (1.1) have
many properties similar to those of holomorphic functions. Some of those
properties have been studied systematically by Bers [3] and Vekua [11], [12].

The Privoloff theorem states:

THEOREM 1.1 (PRIvOLOFF [4]). If f(2) for |z| < 1 is holomorphic, and Re f(z)
is continuous for |z| < 1 and satisfies a Holder condition with exponent § < 1
and constant K on |z| = 1, then f(Z) satisfies on |z| < 1 a Hélder condition with
exponent § and constant CK, where C depends only on 8.

This theorem has been generalized to solutions of equation (1.1) by Vekua
[12] under Riemann-Hilbert boundary conditions. Agmon, Douglis and Niren-
berg [1], [2] have generalized it to the solutions of the general elliptic equations
under ¢ complementing boundary conditions.’

The Schwarz reflection principle can be stated as follows:

THEOREM 1.2. Let Q% be the part in the upper half-plane of a symmetric region
Q, and let o be the part of the real axis in Q. Suppose that f(z) is holomorphic in
Q%, Re f(2) is continuous in @t U o, and zero on o; then f(z) has an analytic
extension to Q.

The above theorem has been generalized by many authors to solutions of
various types of elliptic equations with analytic coefficients in the plane (Lewy
[7], Garabedian [6]). Yu [13], [14] has obtained reflection principles for (1.1)
with analytic coefficients under linear or nonlinear analytic Riemann-Hilbert
type boundary conditions, and the references can be found there.

The main thing we want to emphasize about the Privoloff theorem and the
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Schwarz reflection principle is that there is nothing at all that needs to be
assumed about the boundary behavior of the imaginary part. However, in the
generalizations of Vekua [12] and Yu [13] to the equations (1.1) under
Riemann-Hilbert type boundary conditions, they both assumed u(z) and 1(z)
are continuous up to the boundary. Thus, it is important to study the case that
u(z) satisfies the boundary conditions corresponding to Re f(z) in the Privoloff
theorem and the Schwarz reflection principle, and assume nothing about the
v(z) at the boundary. These will be investigated in §§4 and 5.
Let U = {|z] < 1}. For any f defined on U, we put

1 Ve
a2) i, = lim{ 5 [T 1seePas} L 0<p <

The theorem of M. Riesz for conjugate functions can be stated as follows:

THEOREM 1.3. To each p such that 1 < p < oo there corresponds a constant
4, such that the inequality

tm 7@, < 4,Re G,
holds for every holomorphic function f in U with Im f(0) = 0.

And the Kolmogorov’s theorem for conjugate functions may be stated as
follows:

THEOREM 1.4. To each p such that 0 < p < 1 there corresponds a constant A b
such that the inequality

ltm ), < 4, IRe £}
holds for every holomorphic function f in U, with Im f(0) = 0.

There appear to be no further generalizations of the above two theorems to
the solutions of elliptic systems of equations other than Cauchy-Riemann
equations.

We give two methods to establish the generalized Riesz and Kolmogorov
theorems. The first method is based on the integral representation (3.1) which
we believe can be extended to many other systems. The second method is
based on the well-known Similarity Principle which is however only good for
the system (1.1).

This paper is organized as follows. §2 describes the notations, complex form
of equation (1.1), the well-known properties of Cauchy type integrals that are
involved, as well as certain integral operators on the xy plane. §3 states the
integral representation for 1(z) of a solution (1(z), v(z)) of (1.1) in terms of u(z).
This representation will enable us to prove a number of theorems generalizing
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properties of holomorphic functions. In this section, we also state the well-
known Similarity Principle. §4 establishes the generalized Privoloff theorem
for (1.1). §5 extends the Schwarz reflection principle to (1.1). §6 extends the
M. Riesz’s theorem for conjugate functions to (1.1). §7 gives the generalized
Kolmogorov’s theorem for (1.1).

The contribution of this work is threefold.

(1) It generalizes the Schwarz and Privoloff theorems to the elliptic system
of differential equations (1.1) without any assumptions of (z) on the bounda-
ry.
(2) It extends the M. Riesz theorem and Kolmogorov theorem for conjugate
functions to the solutions of (1.1).

(3) It points out that the intimacy of the real part and imaginary part of a
holomorphic function can be expected as well for the solutions of elliptic
system of equations.

2. Notations, complex form of (1.1) and general remarks.

A. Notations. 04 is the boundary of a set A4.

A =034U 4.

C is the complex plane (or xy plane).

C k(C—;' ), where G is a closed domain in C, is the space of k times continuous-
ly differentiable complex valued functions in G, 0 < k < 0.

C() is sometimes used as a shorter notation for CO().

C(£,G) is the norm of a function f in G and is defined according to the
formula

ChG) = C(f) = maxlf@), z=x+0ip.

C™(f,G) is the norm of a function fin C™(G) and is defined according to
the formula

g =cnny =3 5 o(-H 5
.G) = = —3—.G).
f 1) k=0i=0 \ax oy )

H,(G) is the space of all Hélder continuous functions with index a,
0<a<1,inG.

H(f)[or H(f,a), or else by H(f,a, G)] is the Holder constant of a function
fin H,(G) and is defined by

H(f) = H(G0G) = sup L2IZIC,
2,2, €EG 2 22|

C,(G) is the space of bounded Hélder continuous functions in H,(G) such
that
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C,(£,G) = C,(f) = C(£,G) + H(f,a,G) < c0.
C,'(G) is the space of functions in C™(G) such that

—a"'f C, (G k=01 0 1
axm—kayk € a( ) ( ) ’°°°9m)’ <a< .
C.'(f) [or CJ'(f,G)] is the norm of a function f belonging to C'(G) and
is defined by the formula

Crf)=Cclf,G)=C" +§H s G
a (f) = L“a (f’ ) - (f) o W)a’ .
Ck(T"), where T is a rectifiable simple Jordan curve as defined in Definition
2.1
Ck(T') is defined in Definition 2.1.
C™(f,T) is defined in Definition 2.2.
C.(f;T) is defined in Definition 2.3.
L,(R) is the space of measurable functions in £ such that the norm

Vp
flul"dxdyl <®, 0<p< .

Jall, =
U is a notation for {|z| < x}.

M,(f;r), where f is a continuous function in U, is defined according to the
formula

T . Ve
M) = {5 [ 1567 a0} ", 0<p< o

lfl,, where f is a continuous function in U, is defined according to the
formula

A1l = o M,(f; 7).

Re f(z) = the real part of f(z), Im f(z) = the imaginary part of fz).
B. Complex form of (1.1).
It is convenient to investigate system (1.1) in the complex form. Introducing

the notation
d 1/ 9 .0
5%“5(532*’@)’

we write system (1.1) in the form of one complex equation
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2.1) ow/0Z = Aw + Bw + F,

where

=u+iv, A=13}a+d+ic-ib)

(2.2)
B=Ja-d+ic+ib), F=14(f+ig).

Conversely, separating in (2.1) the real and imaginary parts we return to
system (1.1).
If A = B = F = 0 we obtain the equation

(23) w/az =0

which constitutes a system of two Cauchy-Riemann equations. Thus the
solution w = u + iv of (2.3) is an ordinary analytic function of the complex
variable z = x + iy.

C. Properties of an integral operator on G.

Consider a double integral over a bounded domain G, with Cauchy kernel

4 s =~ [ 6D aam

where f(x,y) is defined on G.

TueoreM 2.1. Iff € L (G) P > 2, then the following relations hold:

(1) @/32)g = f,

() 12 < MlIf1l,»

() lg) ~ 8l < Mlfl 12 — 2,722,
where z| and z, are arbitrary pomts of the plane, and M, M, are constants, M,
depending on p and G, while M, depends on p only.

ProOOF. See Vekua [12, p. 38].
TueoreM 2.2. If f(z) € CJH(U), 0 < a < 1, then the function

W) = 3 ff, {55 dean

belongs to C™*\(U), where U = {|2| < 1}.
ProoOF. See Vekua [12, p. 56].

THEOREM 2.3. If f € L,(G), then g(z) in (2.4) exists almost everywhere and
belongs to an arbitrary class LIJ (G,) where p is an arbitrary number satisfying the
condition 1 < p < 2.and G, is an arbitrary bounded domain of the plane.

PROOF. See Vekua [12, p. 28].
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THEOREM 2.4. Let G be a bounded domain with a piecewise smooth boundary
3G. If w € C(G), wy € L,(G),p > 2, then

@) e =@ - L ff B

where f(z) is a function holomorphic in G. Furthermore, if w € C(G
U 3G) and wy € L,(G), p > 2, then

W) = o [ 2D gy ffas.{({)dfd

BGI—z

$=§+in,

PrOOF. See Vekua [12, pp. 34 and 41].

THEOREM 2.5. Let A, B, F in (2.1) be bounded measurable on U. If w is a
solution of (2.1) in U, w € C(U), w; € L(U),p > 2, then w € C,(T]), 0
<a<lwherelU ={|z] < r < 1}.

Proor. Let us consider two subdomains U, and U of the domain U, U,
cUc U C '17 C U. Then, according to Theorem 24we have

W) = ) - 7 [f, P dedn = 5,@) = Tw

for |z| < r, where () is a function holomorphic in U, and Tw € C,(U,)

(Theorem 2.1). Since J,(@) is holomorphic in U;, we have f; € C,(U,), and the
lemma follows.

THEOREM 2.6. Let A, B, F in (2.1) belong to C;(U). If w is a solution of (2.1)
in Uyw €& C(U),w; € L,(U),p>2. Then we CMT),0<a<],
where U, = {|z| < r < u}.

ProOF. Let us consider m + 2 subdomains U, Uj, ..., U, |

such that
yclcyclc--cl,cl,cy,  cU cUl

Then, according to Theorem 2.4, we have

W) = 5,0 = 3 [f, P e dtdn = 42) -

forz € U,i=1,...,m+ 1, where f () is a function holomorphic in Uj.
Accordmg to Theorem 2. LT,.,weE C (T, ) Since £, is holomorphxc in
U, > € Cu(U,). Hence w € C, (U) Since Aw + Bw+ F € C (U
by Theorem 2.2, T,,w € Co(U. ). And since J,, is holomorphic in U, , f_
€ CI(U ) Therefore, weE Cf(Um_)
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Repeating this reasoning we obtain w € C™(T]).

D. Properties of Cauchy type integrals. The following two lemmas are
concerned with some fundamental properties of an integral of the Cauchy type
on the |z] = 1, which can be found in Gakhov [5], Neri [9] or Muskhelishvili

[8].
LemMa 2.1. If ¢(f) € L,, p > 1, then the singular integral

(7)

also belongs to L, and has the folIowing estimate

@7) ISell,, < M,l¢ll,,
where M, depends only on p.

PrOOF. See Gakhov [5] or Neri [9].

Let there be given a function f{z) of the point z € T on a rectifiable simple
Jordan curve T. This function may be regarded as a function of the length of
the arc s, i.e., f(z(s)) = f(s).

DEFINITION 2.1. A function f{z) defined on T is said to belong to the class
C™(T) if f(s) (= f(z(s))) and all its derivatives up to the mth order are
continuous on the arc 0 < s < 1. If, moreover, f (s) satisfies the Holder
condition with an index a, 0 < a < 1, then it will be said that f € C;'(T).

DErFINITION 2.2. The norm C™(f,T) of a function f € C™(T') is defined by
the formula

m d*f
238) cmin) = 8 c(dg,‘,r)
where
(29) C(£T) = max|f()l.

DEFINITION 2.3. The norm CJ'(f,T) of a function f € C.'(T') is defined by
the formula

2.10) Cr(4T) = C™(T) + H(‘;:,,{ T, a)
where

p |£(5) = f(&) .

2.1 H(f,T,a) =
2.11) (£ T,0) e ey
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LEMMA 2.2. Let U denote {|z| < 1}. If y(z) satisfies the Holder condition
[We™) = e®)| < k| — %"

then the function

2.12) 80 = 5, W)

ut—z
can be defined as a Holder continuous function in U and satisfies
1Y) l6(z1) — #(z)| < CK|z) — 2,|*
forz), z, € U, and

.. 1 \[/(t)
(2.13) @) #(2) = 4,(2) 3 j;
for |z| = 1, where the singular integral
Y1) =
(2.14) fwt CLa, d =1,

is understood in the sense of the principal value.
Furthermore, if Y(f) € CJ'(3U), then ¢(t) € CJ(U), and satisfies

(2.15) C. (9, U) < MCl(¥,3U)
where M is a constant independent of .
PROOF. See Vekua [12] or Muskhelishvili [8].

LeMMA 2.3 (KOLMOGOROV). Let B be a bounded set in (—o0,0). If f
€ L(—c0, o0), then the function

(2.16) Feo) = f S 4

belongs to L'""‘(B), whenever 0 < a < 1, and

(2.17) ( fB | f(x)l““dx)‘/(l—a)< Al

where A is independent of f, and the singular integral is understood in the sense
of the principal value.

PROOF. See Neri [9, p. 79].
LemMma 2.4. If f(f) € L(QU), then the function
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o = [, L

vt—2z
belongs to Lp(a U), whenever 0 < p < x, and there exists a constant A b such that
(2.18) I7@)llz, < 4,111l
where || || 1, denotes the L, norm on 3U.

PROOF. Let z = €, t = €, then dt = ie’?d6, and

gt _ i%9 1 8-9¢ i
(2.19) T—z  g0_ g =3 cot ——2—-—d0 + 'ido.

The function cot y has a simple pole aty = 0, 7, —w; hence we can express
the function

0—-¢ 1 1 1

1
220) seot 5= =g o tg st +2n

+ P60 - ¢)

where P(y) is an analytic function for a real variable ¢, whenever —4n7 < ¢
< 4.

Therefore
0 e F(oi0
16) = 5t = [ E8 7 Hede
@21) " 'a;-%)_fg‘; +[7 1(*P@ - 9)do

45 " 1) ds.

By Lemma 2.3, there exists a constant Bp:

(222) [ )dall < B, Il
i i0
(2.23) (T 5_f—f:_)—2ﬂd0“l? < BylIfll,
and
. i0
(2.24) . 0__f§—+)2ﬂd0" < B,lIfll,

where || || 1, denotes the L, norm for (—m,7), 0 < p < 1. Following the above
mequahtles, the formula (2 21) gives the lemma.
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3. Basic Lemma and Similarity Principle. We shall first derive an integral
representation of a solution w = u + iv of (2.1) in terms of u. This represen-
tation is known and proved in Vekua [12, p. 202], but in a qualitative form
only. We give the proof here.

LemMa 3.1 (Basic LEMMA). Let G be a bounded domain, and let the functions
A, B, F be bounded measurable in G. If w(z) is a solution of (2.1) in G,
w(z) € C(G), w; € L,(G), and u(2) € L,(G),p > 2, then

_f@ _ 2Buu + pF
@.1) we) =18 - = [ 2
Jor z € G, where f(2) is a holomorphic function in G, and
(32) u(z) = exp [' ) G“; 2 dsdn].

PrOOF. Write the equation (2.1) in the form
(3.3) wy = (4 — B)w + 2Bu + F.

We want to choose a function p # 0, if possible, so that

(34) We)lwy — (4 = Byw] = A= [ulw(a)]

By Theorem 2.1, we see

p.(z) = exp[lf 4- Bdsd]

G¢$—z
Multiplying (3.3) by u(z), we see
5 LeW@)] = 2By + yF.

Hence, by Theorem 2.4, we have

(35) W) = 50 - 3 ff, 2L g,

where f(z) is a function holomorphic in G. This completes the proof.

LEMMA 3.2 (SIMILARITY PRINCIPLE). Let A, B € L,(G), p > 2. Let w(z) be
a solution of

(3.6) wy = A(2)Mz) + B(2)w(z)
in G. Also let
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5() = 4() + Bz 22 () ifwz) =0,z € G,

3.7)
= A(z) + B(2), ifw(z) =0,z € G.
Then the function
(38) £@) = w()e™,
where
(3.9) wo(z) = }rffc {g(_g)zdgd

is holomorphic in G.
PrOOF. See Vekua [12, p. 144].

LemMa 3.3. Let 4, B, F of (2.1) belong to L,(G), p > 2. Then there exists a
particular solution w,(z) of (2.1) in G, which may be taken in the form

m@ =~ [[ UEOFE)dedn ~ [ 00 FE)dedn

where Q,, 2, depend only on A, B and are given explicitly in Vekua [12, p. 187].
Furthermore, wy (z) € C(,_3) /p(G' ).

4. Generalized Privoloff theorem. In the present section we shall establish the
Privoloff type theorem for equation (2.1). We shall assume that the functions
A, B, Fin (2.1) are Holder continuous in {|z| < 1}.

We first state some well-known results which are concerned with the Hilbert
boundary value problem for the unit disk. By the Hilbert boundary value
problem we understand the following problem. It is required to find in |z| < 1
a holomorphic function f(z) = u + iv which is continuous for |z] < 1, and
satisfies the linear relation

4.1) a(s)u(s) + b(s)(s) = c(s), \/ a*+b% =1,

on |z| = 1, where a, b, ¢ are Hélder continuous on |z| = 1.

DEFINITION 4.1. By the index of the function a(s) + ib(s) with respect to the
circle |z| = 1, we understand the increment of its argument, in traversing the
circle in the positive direction, divided by 2. The index of a(s) + ib(s) on |z|
= 1 can be written in the form

(42)  x = Ind(a(s) + ib(s)) = 5-lara(a(s) + B o1

Denoting



GENERALIZED CONJUGATE FUNCTION THEOREMS 13

R

e —2Z

and without ambiguity »(9) is understood as »(2(9)) = »(z). We find that the
solution of the Hilbert problem (4.1) for the case x = 0 is given by the
formula

_ [ L (7 i) otz
44) @) = & [27; fy" 0@ T do + iy |

where B, is an arbitrary real constant, and C(o) is given in (4.1).

LeEMMA 4.1. Let G be a real valued function belonging to Cy'(U), and H be a
real valued function belonging to C(U) N CJ'(3U,), 0 < a < 1, for every
n0<r< 1, where U = {|z] < r}. If f(2) = u(z) + iv(2) is holomorphic in
|z| < 1, and satisfies the condition

4.5) Re(f(2)e"°@) = H(z)
for |2| < 1, then f(z) can be defined as a function in C™(T).

PROOF. It is clear that the index of "% on |z| = r < 11is equal to 0.
For r < 1, we have, by formula (4.4),

@6)  f(2) = e [517—7 I "m’r@H(ref")’e o + zﬂo(r)]
for |z] < r, where
_ 1 2 i 7€° + 2
(4.7) F;(Z) = i-'r;fo G(re )mdo
and B,(r) can be determined by the formula
. i .
(438) Bo®) = =if @)™ + 5= [ 1) 1 (1) do.

Since G(re™®) and H(re™) are continuous in r € 1,0 < o < 27, we may let
r — 1 obtaining

4.9) f@) = ei"(Z)[Tl'rr'f() ™ H(e '°) da + 'BO]

for |z| < 1, where

(4.10) W) = 5 fo Gle w)e *j .
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and
@.11) Bo = —if (0)e™® + ilE fo 2 1) g1 (10) o,
Using the identity
e+ z 26" _2 d&
(4.12) e""—zdo ( l+e1°_z)d°—7§—z do
for |¢| = 1, (4.9) then gives
O HE)
i@ = L f 28k
@13) aiJou § -z
21ﬂ b &) g (€°)do + zﬂo]
for |z| < 1, where
G@) o
(4.14) P( ) 7n auS‘ -— zd§ Zﬂf G(e' )dd
By Lemma 2.2, »(z) € C;(U) and the function
OHE) o
(4.15) fa o

belongs to C;'(U). The assertion follows from these statements.

THEOREM 4.1. Let A, B, F of (2.1) belong to C3'(U). If w(2) = u(2) + iv(2) is
a solution of (2.1) in U, and u(z) € C(U) N C'(3U), then w(z)
e CM(U),0<a< 1.

PrOOF. By Lemma 3.1, we have

2Bpu +
(4.16) u(z) = Re ;8 Re - u(z) [ f "“ " dtdy
for |z] < 1. Setting
- 1 17 B—
4.17) eki6 = = [ [ fu = dedn]
we obtain
(4.18) Re(f(2)e™%%) = B(z)

where
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@19)  pe) = e F{u) + Re — [ 2B 0F gy .

By Theorem 2.8, w € C™ (1), U, = {|z| < r < 1}. Hence u € C(T)
n cr@u) n C'"“(BU) Accordmg to Theorem 2.2, u(z) € C™(U),
also because of Theorem 2.1 we have

1 2Bpu + pF
(4.20) 80) = s [, =7 dedn € C (D)

and hence B(z) € C,(8U) N C,(dU,). Therefore, by Lemma 4.1, f(z)
€ C,(U). Then using (4 20) and (3 1), we obtain w(z) € C,(U).

Next we want to prove that w(z) € C! (U) Sinceu € C (U) n c™lu)

N C™1(3U,) by Theorem 2.2, g(z) € CL(U), and hence B) € c‘(au)
N C?(BU ). We obtain, in view of Lemma 41, f(2) € C'(U) so that
w(z) € CL(D).

By continuing a similar reasoning we conclude w(z) € C;'(U).

For the case m = 0, we will have the following refinement.

THEOREM 4.2. Let A, B,F of (2.1) be bounded measurable in |z| < 1. Let
w(z) = u(2) + iv(z) be a solution of (2.1) in |z| < 1. If u(z) is continuous in
lz] < 1, lu(e’®)| < M and satisfies

4.21) lu(e®) — u(e®)] < K| — %[
then w(z) is continuous in |z| < 1 and satisfies
(4.22) W(z;) = w(z3)| < CKlz; — z,|"

where the constant C depends only on a, 0 < a < 1 and A, B, F, M.
ProoF. The solution w(z) of (2.1) is representable in the form w = wy + w;
where w, is a solution of the homogeneous equation

and consequently it is given by the realation (Lemma 3.2)

@20 w@ =@, o) =1 ff (4+ B2,

z
w, is a particular solution of the nonhomogeneous equation (2.1), and belongs
to C,(U) (Lemma 3.3).

The function @ € C,(U) and the function f(z) is holomorphic in U.
Set
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(4.25) §(2) =Rew(z), G(2) = —Imw(2);
then f(z) satisfies the condition

(4.26) Re(f(z)e9@) = H(z)

for z € G, where

4.27) H@) = u(z)e$@ — Re e* (‘)wl (2).
For r < 1, we have (by formula (4.4))

428)  f(z) = @ [% j{" ™7 H (re ) re” do + 1/30(r)],

for |z| < r, where

_ 1 2 7€ + z
(4.29) 3() = 5, fo Glre") 5 do

and B,(7) can be determined by the formula

@30 By) = OO + 5 [ O () do.

Since G(re') and H(re™) are continuous in r < 1,0 < o < 27, we may let
r — 1 obtaining

4.31) f@) = e""(‘)[% fo "m’(")H(e'")e "tz do + ;po]

for |z] < 1, where

1 r27 N +
(432) ¥(2) = > j{; G(e“’):—,.a—_—;do
and
. i v
(4.33) BO = —if (O)e”’(o) + i:_r j(; " ellmv(o) H(eia) do.

It follows from (4.31) that (Lemma 2.2) | f(z)| < C; M, and
439 |f(z)) = f(2)l € G K]z, — 2,
Therefore, it follows from (4.24)

(4.35) wo(z) — wo(2))l < Cy K|z — 2,
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Hence the desired result follows from the relation w = wy + w;.
In respect of the Riemann-Hilbert type boundary value problem Vekua [12]
has established the following theorem.

THEOREM 4.3 (VEKUA [12,p. 223]). Let A, B, F of (2.1) be bounded
measurable on U. If w(z) = u + iv is a solution of (2.1) in U, continuous in U
and satisfies the boundary condition

au + Bv = Re[AZ)w] = u(z) (on dV),

= a + iB, |\M2)| = 1, where A(z) and v(z) € C w(U), 0 < p < 1, then w(z)
€ C, ().

Since Vekua’s method depends on the Similarity Principle (Lemma 3.2),
therefore it is difficult to apply his method to study the differential properties
of w(z) in U under the differential boundary conditions.

We shall introduce an elementary method to study this problem.

THEOREM 4.4. Let A, B, F of (2.1) belong to C'"(U) o<p<l If
w(z) = u(z) + iv(z) is a solution of (2.1) in U, contmuous in U and satisfies the
boundary condition

(4.36) au + Bv = Re[A@Zw] = »(z) (on 3V),

where A = a + iB, |N(2)] = 1, AM(2) and »(z) € c'"“(au) 0< p<1, then
w(z) € Cm+ Q).

Proor. The solution w(z) is representable in the form (Theorem 2.4)

@3 we) =@ -3 [ T E agan = 1) - 5)

where f(z) is a function holomorphic in U, continuous in U, and satisfies the
boundary condition

(4.38) Re [M2)f ()] = 7y(2) (on 3V),

where

7o(2) = »(2) + Re [A(2)g(2)].

The function g(z) € C,(U) (Theorem 2.1); hence »,(z) € C ,(QU). We
want to prove that the solutxon f(z) of the Riemann-Hilbert problem (4.38)
belongs to the class C,(T).

The function A(z) can be represented on dU in the form

(4.39) AZ) = 27X )
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where x(z) = p + iq is a function holomorphic in |z| < 1, the imaginary part
of which on |z| = 1 is given by ¢ = — arg »y(z) + n arg z, the integer n is so
chosen that every branch of ¢(z) is a single valued function on |z| = 1. The
function x(z) may be constructed by means of the Schwarz integral

(4.40) X(@) = 5 fa . PO

Since ¢ € C,(3U), x(z) € C,(U) (Lemma 2.2). Moreover,
C,(xU) < M,C,(3,0U), M, = constant.
Introducing the expression (4.39) into the boundary condition (4.38) we obtain
(4.41) Relz"eXDf(2)] = 5,(2),  »(2) = vpe?®.
Evidently, », € c“(a U). If n < 0, (4.41) implies that

@) g =ETR O e,

2m

where Cj) is a real constant. Hence, in view of the continuity of f{z) we have

2 R .
Co=0, j(; ’ vl(e’o)e""”dﬁ =0 (k=0,...,—n+1).

These relations ensure the continuity of f(z) at the point z = 0. Therefore f{z)
has the form

e X« y (D"dt
(4.43) f(o) = j; , 1

ai t—2z °
It follows immediately from the above result that f(z) € C (U)
If n > 0 the solution of the problem (4.41) is given by the formula

e X t+z dt 2n
X -x(z) k
@4 j@) =5 [ O T+ e 3 Gt
where C;, are complex constants which satisfy the conditions
Czn_k = —q (k = 0, l,...,n).

It follows from (4.44) that f(z) € C,(U). Thus, in view of (4.37), w(z)
€ C,(D).

Smce w(z) € C,(0), g2) € CI(U) (Theorem 2.2); hence ry(2) € C! . (3U)
and since ¢ € C*(aU ), x(2) € C x(U), so that »(z) € c! ,(@QU). Tt follows
from (4.43), (4.44) again that f(z) E CI(U) Thus, by (4. 37), w(z) € CI(U)
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By continuing a similar reasoning we conclude that w(z) € C':”“ 0).

5. Generalized Schwarz reflection principle. Let A(z,{), B(z,¢), F(z,¢) be
holomorphic functions for z, { in a symmetric region . Now we are in a
position to study the relfection principle of the solutions of the following
equations

¢.D) w; = A(z,2)w(z) + B(z,Dw(2) + F(2).

LEMMA 5.1. Let @ be the part in the upper half-place of Q, and let ¢ be the
part of the real axis in Q. Suppose that w(z) = u + iv is a solution of the
differential equation (5.1) in Q%, continuous in Q* U o, satisfying

Re[Mw] = au + Bv = p(x),  Ax) = a(x) + if(x),

on o, where p(z), a(z), B(z) are holomorphic functions in Q, such that a(z) — iB(z)
#0 for z € Q—9QF, az) +if(z) =0 for z € Q* U 0. Then w(z) can be
continued analytically into the domain Q; that is, there exists a unique w(z) which
is a solution of (5.1) in Q and which agrees with the given w(z) in Q% U o.

PRrOOF. See Yu [13].

THEOREM 5.1. Let Q% be the part in the upper half-plane of Q, and let o be the
part of the real axis in Q. Suppose that wW(z) = u + iv is a solution of (5.1) in
Q, u(z) continuous in Q@ U o, satisfying

(2) u(x,0) = p(x),

where p(2) is holomorphic in Q. Then w(z) can be continued analytically into Q;
that is, there exists a unique w(z) which is a solution of (5.1) in Q@ and which agrees
with the given w(z) in Q% U o.

ProOOF. Let D be a region with a smooth boundary 3D such that D U 9D
C 9% U 0. The boundary 3D is supposed to contain a closed segment
04, 69 < 0. We note that the function p(x) is Holder continuous on . Hence
u(z) is Holder continuous on dD. By Theorem 4.1, w(z) is continuous on
D U oy; it therefore follows from Lemma 5.1 that w(z) can be continued
analytically into whole D U oy U D, where D = {z|z € D}. But we can take
D so that its boundary is as close as desired to the boundary of Q*. This
completes the proof.

6. Generalized M. Riesz theorem. In this section we shall generalize the
theorem of M. Riesz for conjugate functions to the solutions of the equation
(1.1). The coefficients a, b, ¢, d, f, g of (1.1) will be assumed to be continuous
in{|z] < 1}.
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Unlike holomorphic functions, it is not always possible to assume v(0) = 0
for a solution (u(z),v(z)) of (1.1).

LEMMA 6.1. The differential equations

6.1) /oy = —bv, W/ox =av

have a nontrivial real continuous solution v(z) in |z| < 1 if and only if b, c satisfy
the condition

62 [ > b(x, 1) dr + I *d(y)dt = k ¥ b0, f)dt + A * d(1,0)ar.

Furthermore, let B be an arbitrary real number; if b, d satisfy the condition (6.2),
then (6.1) has a unique solution v(z) such that v(0) = B.

ProoF. The general solution of the first equation of (6.1) is given by
v(x,y) = k(x)exp [— j(; ¢ b(x, 1) dt]
and the general solution of the second equation of (6.1) is given by

v(x,y) = l(y)exp[ fox d(t,y) dt]

where k(x) and K(y) are continuous functions in (-1, 1).
It is clear that (6.1) has a solution if and only if

(63) k(x)exp [— F b dt] — I(y)exp [ J dtey) dt].

The formula (6.3) is equivalent to

k(x) = I(y)exp[ [y + f7 b(x,t)dt].

Consider now k(0) # 0; then we see

I(») = k(0)exp [— j(; ¢ b0, t)dt]

and k(0) = /(0).
Similarly,

k(x) = I(O)exp[ fo * d(t,O)dt].

Hence the formula (6.2) follows from these statements.
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If the functions b, d satisfy the condition (6.2), then
(x) = Bexp| - [ blx0ar + [7 ate,0)ar]

=f exp[ fox d(t,y)dt — j; ¢ 5(0,1) dt]

is the solution of (6.1) such that v(0) = .

LEMMA 6.2. Let w = u + iv be a solution of (1.1) in |z| < 1, v(0) # 0. Then
(1.1) has another solution of the form u(z) + iv(2) in |z] < 1, ¥,(0) = O if and
only if the coefficients b, d satisfy the condition (6.2).

PrOOF. Let m(z) be a real solution of (6.1) such that m(0) = —v(0). Then
the function u(z) + i(m(z) + v(z)) serves the purpose.
Let U = {|z| < 1}. For any continuous function f defined on U, we put

Y
69 mn = {5 eras), 0<p<w,

and

(6.5) 11}, = o2, M,(f;1).

LemMA 6.3. If f is a holomorphic function in U, then M,(f; r) is a monotonically
increasing function of rin [0,1), 0 < p < 0.

Proor. See Rudin [10, p. 330].
This suggests the following lemma.

LemMa 64. If f is a holomorphic function in U, then
I, = lim M, (£,

where | fl|, is defined in (6.5).

LEMMA 6.5. Let G(z) be Holder continuous in every |z| < r, 0 < r < 1, with
1G], < 0,1 <p < c0. If

1 r27 . e% +

(6.6) G =5 [, G do,

e’ —z

Jor |2l < r <1, then there exists a constant M, independent of G and r such that

(6.7) IG@AI, < MlGl,, 1<p<oo.
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Furthermore, if G(z) € C,(U), 0 < a < 1, then G,(2) = G(2) in C,(U).
ProoF. By the identity

e "tz 26 2 &
(68) g da (—l+-eT:—;)d0—7§_z—d0
for [¢| = 1, and (6.6) then gives
2G(r$) 1 (2« P
©69) G = 5 s Tz &~ [y Glre)do.
Consider
+ 2G(r$)
G, (= 2’m kl=1 T -2z as, lz] < 1.

By Lemma 2.2, G*(z) is holomorphic in |z| < 1, Hélder continuous in
|zl € 1,and

(6.10) G (@) = 26(2) + 5 fm 1 sz’i )

for |z| = 1. Moreover, by Lemma 2.1 and Lemma 6.4
(6.11) IGF @I, < GlIGEHNL, < GG,

where IIG(r{)IIL denotes L, norm for G(r§) on [§| =1, C; and C, are
constants mdependent of r and G.
But

(6.12)

27 .
j(; G(re°)do

where || || L, denotes the L, norm on lz] =1land 1/p+ 1/g=1.
Applymg (6.11) and (6.12) to (6.9), we get (6.7).
Now we are going to prove the second statement, since G(z) € C,(U),
C,(G(r$) — G(), 8U) = 0, as r = 1, by Lemma 2.2 and (6.10), we have

(6.13) C,(G'2) -G, U)—>0

asr— 1.
Combining (6.9) and (6.13), we have

< Il IGEe™),, < GG,

C,(G(2)—-G(2),U)—>0, asr—>1.

LEMMA 6.6. Let G be a real valued, Hélder continuous function in |z| < 1, and
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H be a real valued Hélder continuous function in every {|z| € r}, r < 1, with
||H|l, < Lp > LIff(2) = ulz) + iv(2) is holomorphic in |z| < 1, and satisfies

(6.14) Re(f()e™) = H@), <1,
then there exists a constant N, independent of f, H such that
(6.15) Ifl, < N(lHl, +170)), P> 1

ProOF. It is clear that the index of ¢ on |z] = r < 1is equal to 0.
For r < 1, we have, by formula (4.4),

_ @[ L (2 o) gy oy rE + 2 ,
(6.16) f(Z) ei J [2‘”]; e H(re o)rew - zdd + lﬁo(r) ,
for |z] < r, where

1 2« o re’ + z
(6.17) 3() = 5 fo Glre") = do,

and B,(r) can be determined by the formula

, 2
(6.18) Bo() = —if (0)e~"© 4+ %r j‘; " /1m(o) H(re®)do.
It follows from (6.17) that

io
(6.19) B O)l < (max |G(re®)] < G

where C, is a constant independent of .
By Holder’s inequality,

27 .
620) |[7 "™ OH(e?)do| < vl IHE,, < ClHl,

where || llz, denotes the L, norm on |z] = 1,p > 1, and I/p + /g = 1.
The estimates (6.19), (6.20) give at once

6.21) 1Bo() < C3(IHI}, + [ £(0)])

where C; is independent of H, r and f.
Now, by Lemma 6.5, we have

(6.22) 3(rz) >y (2), asr—1
in C (U).
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The proof is completed by applying the above estimate, Lemma 6.5 and
(6.22) to (6.16).

LeMMA 6.7. If f = 0 outside U and ||fl[, < o0, 1 < p < o0, then the function

= f@)
h(z) = ffu F—zd8dn
belongs to L,(U). Furthermore, there exists a constant A, such that
(6.23) Iall, < 4,111},

ProoF. Since ||f]|, < oo, the function

(6:24) rf : |7 (re®)|? do

is integrable for r over (0, 1); hence f € L (V).
If p =1, we see

i < Jff, S atan = f 7] lf(pe"’)lp e Ve,

— 4
(6.25)

-f ’; fol 1fe)p. 1ee 4 4.

lp — ze7*|

Leta + ib = ze™ = rei(a_”); we have

_pdpds
f j:,, lp ia

— ze
- f f pdpdo
(6.26) 0 Jon \/(p — rcos(d — 0))* + r?sin(@ — o)
_ 1 pom pdpde C
bt V(e = r cos(o — 8))* + r? sin’(o — 0) <6
so that
h(re'®)| do 9| dg _p_g;_)d_ﬂ__
62 I tnee®)do < [ |5 do f f p

< Gliflh-

If p > 1, by the Holder inequaltiy, for 1/p + 1/g = 1,
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|h(re®®)| < f ftr ILf(pe thgldpdo
(6.28)

£GP0 0 NP( (7
(f j:'" lo 3eze_'°’?dpdo) (L f*" Ip—Ze"i°|dpdo)

By (6.27), we see

g

(6.29) I 1hte®)?db < GIIfI.

We now proceed to the generalized theorem of M. Riesz. In the case that
the coefficients b, d of (1.1) satisfy the condition (6.2) we have the following
generalization.

THEOREM 6.1. Suppose that the coefficients b, d of (1.1) satisfy the condition
(6.2). Then to each p such that 1 < p < oo there correspond two constants
A, and B, such that the inequality

(6.30) lv@l, < 4,lu@), + B,
holds for every solution w(z) = u(z) + iv(z) of (1.1) on U, where v(0) = 0.
Moreover, B, = 0if f =g = 0

REMARK. By Lemma 6.2, it is always possible to assume v(0) = 0 in the
statement of the above theorem.

PrROOF OF THEOREM 6.1. First Method. Since Ilu” <o, 1 <p< oo, u
€ L,(U). By Lemma 3.1 (the Basic Lemma),

f(2) 2Buu + pF
(631) W( ) = —(Z_) fj;} —T_—z-——dgdn
for z € U, where f(z) is a holomorphic function in U. Therefore
f (z)) 2Bp,u + p,F
(6.32) u(z) = Re(u( ) W(Z) [ f
for z € U. Setting
; 1
6.33 k-6 =
(632) e
and

634) A6 = e O{ue) + Re i [ 2T 2E yeg ),

we have
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(6.35) Re{f(2)e @} = p(z)

forz € U.

Since u is a real part of w(z), by Theorem 2.6, B(z) € C,(T), U,
= {|z] < r < 1}. Therefore, the condition (6.35) fulfills the requirement of
Lemma 6.6; hence

(6.36) I71l, < N8I, + 1£0)D

and by Lemma 6.7, we have

(6.37) 18I, < Cy(llull, + I1F1,).
Because v(0) = 0,

(638) 5O = wo(® + 3 [, 2L agay

and hence (Lemma 6.7),

(639) 170)| < Cp(llull, + lIF1],).
Applying the estimates (6.38) and (6.39) to (6.37), we see

(6.40) 171, < Cs(lludl, + 11F1},)-

Still using Lemma 6.7, we see

N B . RXCRA L

and therefore the desired inequality (6.30) follows from (6.31), (6.40) and
(6.41).

Second Method. The solution w(z) of (1.1) on U is representable in the form
w = wy + w; where w; is a solution of the homogeneous equation 3,w = Aw
+ Bw and consequently it is given by the relation (Lemma 3.2)

w, is a particular solution of the equation (2.1), which may be taken in the
form (Lemma 3.3)

643) w(@) = —1 [ 4 8)F®)dtdn -1 [ 9, FC)dtan.
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The function @ and w; € C,(U), 0 < a < 1, and the function f{z) is holo-
morphic in U and satisfies the condition

(6.44) Re[e“®f(2)] = u(z) - Re w(), zeU
Setting

(645) o) = G,(2) - iG()

we obtain

(6.46) Re[e_iG(‘)f @l=p:) el

where

(6.47) B@) = u(z)e~ 1@ — Re w, ()",

It follows immediately from the above result (Lemma 6.6) that ||f]|, < oo,
P > 1. Moreover,

(6.48) £, < N (B, + 1£)D)-
Since v(0) = 0,

(6.49) £0) = e0u(0) - w,(0)).

Thus

(6.50) 1£O) < Gy(llull, + llwyl],).
Evidently,

(6.51) 1B, < Cyllull, + lwyll,)-

Hence

(6.52) Ifll, < C(llll, + fwyll,)-

Introducing the formula (6.52) into (6.42) we obtain

653) Il < A, Clul, + o).

This completes the proof.

If the coefficients b, 4 of (1.1) do not satisfy the condition (6.2), we cannot
always assume v(0) = 0 for a solution (u(z), v(z)) of (1.1). But surprisingly we
still can extend the theorem of M. Riesz to the solutions of (1.1).
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THEOREM 6.2. Suppose that the coefficients b, d of (1.1) do not satisfy the
condition (6.2). Then to each p such that 1 < p < oo there correspond two
constants A, and B, such that the inequality

(6.54) llvll, < 4, llull, + B,
holds for every solution w(z) = u(z) + iv(z) of (1.1) on U. Moreover, B, = 0 if f
=g= 0.

PROOF. First Method. As we did in the proof of Theorem 6.1, we again have
formulas (6.31), (6.32), (6.33), (6.34) and (6.35).

First, we show that f{z) in (6.32) is the only holomorphic function satisfying
the above statement. Suppose that f,(z) is a holomorphic function in U such
that Im (£, (z)/u(z)) = 0. Because f, (z)/u(2) is a real solution of the equation

(6.56) a" = (B - Ay,

which is the complex form of the equations (6.1) for real solutions; from
Lemma 6.1, £, (z)/#(0) = 0. Then we must have f;(z) = 0.

Next, we want to show that there exists a constant N, independent of u such
that

(6:56) 17l < N, N,(lull, + I1F1}).
By formula (4.4), we have

16) = PO [ e S 2 o 1 iy ()]

= B + 5,2
for |z| < r < 1, where

(6.57)

1 N s
(6.58) 3(2) = 5- f G(re )'e zdo.
Therefore, from (6.36)
(6.59) Re{i,Bo(r)ei”’(z)—iG(‘)} = B() - Re{g ()%}
for|zl <r <1

Since G(z) is Holder continuous in |z] < 1, by Lemma 6.5
(6.60) n(rz) » »(2), asr—1,
in C,(U). Then
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(6.61) llRe ieiv,(rz)-iG(rz) — Re ieiv,(z)—iG(z)"p -0

asr—1,
We can show the following inequality

(6.62) IRe ie™@-16E)| > o

by contradiction. If we assume that (6.62) is false, then Re (ie™ (‘)'iG) = O and
the function ™ @*F~i is 3 real solution of (6.55), then from Lemma 6.1, we
have e @+ F-iG = 0, and therefore we must have ¢”@ = 0,

From (6.61) and (6.62) it follows that there exist two constants d;, > 0
such that

(6.63) IRe jetr(r2)=iG(rz) "p > 4
forn<r< 1L
On the other hand, by Lemma 2.1 and Lemma 2.2, we see

(6.64) 18¢2) — Re g,(r2)e ||, < g |8l

where d, is a constant independent of r.
Therefore from (6.59), (6.62), (6.63) and (6.64) we have

(6.65) 18, < %upn,, < dy(lll, + I171}).

Applying (6.60), (6.65) and Lemma 6.5 to (6.57), we get the estimate

(6.66) £l < N, Qlul, + IF1,).

The desired inequality (6.54) follows from (6.31), (6.41) and (6.66).

Second Method. As we did in the second method of the proof of Theorem
6.1, we again have formulas (6.42), (6.43), (6.44), (6.45), (6.46) and (6.47).

Also as we did in the first method of the proof of this theorem, we get the
estimate

(6.67) 171, < N(llull, + llwy 2.

The desired inequality (6.30) follows from (6.42) and (6.67).

7. Generalized Kolmogoroy’s theorem. In this section we shall generalize the
Kolmogorov’s theorem for conjugate functions to the solutions of the equation
(1.1). The coefficients a, b, c, d, f, g of (1.1) will be assumed to be continuous
in U.
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It is convenient to retain the norm notation (6.5) for p < 1, when || |}, is not
a genuine norm.

LeMMA 7.1, Let

_ 1 r2= i€ +z
(7.1) G,(z) = E-[O G(re )Edd.

io
If G(2) is Holder continuous for every |z| < r,r < 1 and |Gl < oo, then there
exists a constant M, independent of G and r such that

(7.2) IG@l, < MllGl,, 0<p<1.

ProoF. The method in this proof is similar to that in the proof of Lemma
6.5. Using the same notation, we find by Hoélder inequality

03) | [ I6Ce N do|< ( £ 16 do) (7 ao)' < ailich

wherep+ g = 1.
By Lemma 2.4, Lemma 6.4 and (7.3), we see

(74) IG* @, < 41GE2)I,, < 451Gl

where ||G(r2)|| 1, denotes Ly norm for G(rz) on |z| = 1, 4, and d; are constants
independent of r and G.

Applying (7.3) and (7.4) to (6.9), we have inequality (7.2).

LEMMA 7.2. Let F, G be real valued, Hélder continuous functions in |z] < 1,
and let H be a real valued Holder continuous function in every {|z| < r}, r < 1,
with |Hl| < 0. If f(z) = u(z) + iv(z) is holomorphic in |z| < 1, and satisfies

(7.5) Re(f(2)e™¢) = H(z)
for |z} < 1, then there exists a constant N, independent of f, H such that
(7.6) Ifl < N(lHl + [F0)), p<1.

PrOOF. The method in this proof is similar to that in the proof of Lemma
6.6. Using the same notation, we again have estimate (6.19) and

27
(.7) | Mm@ HGe) do| < |G, < o I

where || || 1, denotes the L; norm on |z| = 1, and d, is a constant independent
of H.
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The estimate (6.19), (7.7) give at once
(7.8) 1B < &(IH], + [ £0)])

where d, is independent of H and .
Now, by Lemma 7.1, we have

1 (20 iImp,(c) ioy I e’ +z
% _/(; e H(re );e-‘.oTzdo

(7.9)

The proof is therefore completed by applying (7.8), (7.9) and (6.22) to (6.16).
LeMMA 7.3. Let

< dy||H]|.
p

(7.10) we) = ff, £ f6) L5 geam,
If |Ifly < o0, and f = O outside U, then there exists a constant C, such that
(7.11) I, (r2)ll, < C,lIfly
where U = {|z]| <r € 1,0<p < 1
PrROOF.
h(rz) = f f JG€) d£dn
(7.12) &

= [f, 55L 2ag aw = [f KX gean,

Applying Lemma 6.7 for h,(rz), we see

(7.13) I, (r2)lly < Ay llrf (3 < A lIfl)-
Using Hoélder’s inequality, we obtain

(1.14) f_: b, ()P a8 < ( f_: do)l_p( I 1he®) do)’

for 0 < p < 1. Thus

(7.15) 2, (2)ll, < B, |4, (r2)l}.
Collecting inequalities (7.13), (7.15), we get (7.11).
LeMMA 7.4. For arbitrary positive numbers a and b
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a’? + b?, 0<p<],

. P L
(7.16) (@a+b) {zp_,(a“b,,)’ P> 1.

Proor. It is well known.
If the coefficients b, d of (1.1) satisfy the condition (6.2), then we have the
following generalized Kolmogorov’s theorem.

THEOREM 7.1. Suppose that the coefficients b, d of (1.1) satisfy the condition
(6.2). Then to0 each p such that 0 < p < 1 there correspond two constants A, and
Bp such that the inequality

(7.17) O, < 4, lu@)l; + B,

holds for every solution w(z) = u(z) + iv(z) of (1.1) on U, where v(0) = 0,
and || ||, is as in (6.5). Furthermore, B, = 0 if f = g = 0.

PrOOF. First Method. By Lemma 3.1,

_ 5@ 1 2Buu + pF
(7.18) we) =I5 = I, o=t

forz € U, where U, = {|z| < r < 1}, and £(2) is a holomorphic function in
U

r

Setting
- 1
7.19 K0 =
(7.19) 1)
and

_ —K( 1 2Buu + pF
(120)  p,(2) = e K¢ ){u(z) +Re [ fu s dgdn},
from (7.18) we have

(721) Re{£(2)e"°@} = p,(2),

forz € U,.
Since u is a real part of w(z), by Theorem 2.6, p,(z) € C,(U), 0 < a < 1.
Therefore, according to Lemma 7.2

(7.22) I£G2l, < 4 (le, (r2)lly + 17 (0))).
According to Lemma 7.3

(7.23) e r2)ly < dy(llully + 1FH),



GENERALIZED CONJUGATE FUNCTION THEOREMS 33

still using Lemma 7.3, we see

2Bpu + pF

(7.24) m(z) [ =

(llully + 1171y,

dédny
P

where the constant d, is independent of r, 4, and F.
Applying (7.22), (7.23) and (7.24) to (7.18), it follows that

(7.25) IwCr2)lly < dy(llully + 1FY}).

Hence the desired inequality (7.17) follows.

Second Method. This method is similar to the second method used for the
proof of Theorem 6.1.

If the coefficients b, d of (1.1) do not satisfy the condition (6.2), we cannot
always assume v(0) = O for a solution (u(z), v(z)) of (1.1) in U. Then the
generalized Kolmogorov’s theorem has the following version.

THEOREM 7.2. Suppose that the coefficients b, d of (1.1) do not satisfy the
condition (6.2). Then to each p such that 0 < p < 1 there correspond two
constants A, and B, such that

(7.26) @, < 4, luz)ly + B,

holds for every solution w(z) = u(z) + iv(z) of (1.1) on U, and || H is defined as
in (6.5). Moreover, B, = 0 if f=g = 0.

PRrROOF. First Method. We first proceed in the same way as we did in the
proof of Theorem 7.1 to obtain (7.18), (7.19), (7.20) and (7.21).

According to Theorem 2.6, p,(z) € C,(U),0<a < 1, r < 1.

By formula (4.4), we have

. 2r
L) = €7 '(‘)[2% fo e'Im"’(")p,(re'") re® do + x,Bo(r)]

= B + ,)
for |z] < r < 1, where

(727)

(7.28) 5@ = o [ G w)"’ " ¥ 2 e,

-2

Therefore, from (7.20) we deduce that

(729)  Re(iBo()e W} = p,(2) — Re(g,()e™7®).
Since G(z) is Holder continuous in |z| < 1, by Lemma 7.1,
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C,n(r2) = (@), U)—0, asr—1
Therefore,
(7.30) Im & =iG(2) _ 1y oM()-iGE) _;
uniformly as r — 1 for z € U. Thus

(7.31) im & (A~i6C) _ 1y GM@-IGA)| 5
asr— 1._
Since ™ (’)/p,(z) is a nontrivial solution of
o
(7.32) ,a_f = (B — A)U,

it follows that ||[Im ¢"()-iG() ll, > 0; otherwise ¢"@/u(2) is a nontrivial real
solution of (6.1); this contradicts Lemma 6.1.
Therefore, by Lemma 7.4, there exist two positive numbers C;, 5 such that

(7.33) |Tm *C2-16E) > ¢, > 0

forn<r<1L
On the other hand, by Lemma 7.3 and Lemma 7.4, we get

(7.34) o, 2l < Cy(llully + 1| F1})
and
(7.35) lo,(r2)ll, < C3(llully + IIF1})-

By Lemma 2.4, (7.19) and (7.34), we see

(7.36) ||g,<rz)$||1) < Cullo, G2l < Cs(lull + 1FL).

Therefore, we have

(1.37) 0,(r2) — Re g,(rz>;(—12—)||p < Cy(lluly + IF1p)-

Thus, from (7.21), we deduce that

(7.38) 18, < %f(uuu, + 1),

Applying (7.38), Lemma 2.4 and (7.34) to (7.27), we get the estimate
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(7.39) 4G, < Cy(lully + 1F1y),

where C, is independent of 7, 4, and F. Hence the desired inequality (7.25)
follows from (7.18), (7.24) and (7.39).

Second Method. This method is similar to the second method used for the
proof of Theorem 6.2.
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